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Abstract

This paper proposes some Bayesian hierarchical
Gaussian process models to integrate data from mul-
tiple sources. The heterogeneity among different
sources is accounted for by performing flexible loca-
tion and scale adjustments. The approach tends to
provide more accuracy and produce prediction closer
to that from the high-accuracy experiment.
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1 Introduction

To ease the computational burden in designing a com-
plex system, surrogate models are built to provide
rapid approximations of the more expensive models.
The surrogate models themselves are often expensive
to build because they are based on repeated compu-
tationally expensive experiments. An alternative ap-
proach is to replace expensive experiments with sim-
plified approximate experiments, thereby sacrificing
accuracy for reduced computational time. A strat-
egy is needed for improving the precision of surrogate
models based on approximate experiments without
significantly increasing computational time. In this
paper, we consider a generic situation in which two
sources are available and one source is more accurate
than the other but also more expensive to run. The
two experiments considered are called low-accuracy
experiment (LE) and high-accuracy experiment (HE).

The pair can be physical vs. computer experiments
or detailed vs. approximate computer experiments.
Experimenters are often faced with the problem of
how to integrate these multiple data sources effi-
ciently. Major recent work includes Kennedy and
O’Hagan (2000) and Qian et al. (2005) for integrating
data from detailed and approximate computer experi-
ments, and Reese et al. (2004) for integrating physical
and computer experiments.

We propose Bayesian hierarchical Gaussian pro-
cess models for building surrogate models to integrate
multiple data sources. The heterogeneity among dif-
ferent sources is accounted for by performing flexible
location and scale adjustments. The BHGP mod-
els are developed in Section 2. Section 3 illustrates
the method using one real example with detailed and
approximate computer experiments. Concluding re-
marks are given in Section 4.

2 Bayesian Hierarchical Gaus-
sian Process Models

Standard approaches to the synthesis of low-accuracy
and high-accuracy experiments analyze data from
each type separately. By borrowing strength across
multiple sources, an integrated analysis can produce
better results. Qian et al. (2005) introduces a two-
step approach to integrate results from detailed and
approximate computer experiments. It starts with
fitting a Gaussian process model for the approxi-
mate experiment data. In the second step, the fitted

1



model is adjusted by incorporating the more accu-
rate data from the detailed experiment. The present
work can be viewed as an extension of theirs. The
essential differences between the two approaches are
two-fold. First, new hierarchical Gaussian process
models are introduced to carry out location and scale
adjustments more flexibly. Second, the present ap-
proach adopts the Bayesian formulation and can ab-
sorb uncertainty in the model parameters in the pre-
diction. Reese et al. (2004) proposes another hier-
archical method by using linear models to integrate
data from physical and computer experiments. Al-
though this approach has advantages such as the ease
of computation and interpretation, the linear models
cannot serve as interpolators whereas the Gaussian
process models have this feature when modeling de-
terministic computer experiments. Also the linear
models are not as flexible as the Gaussian process
models in representing complex nonlinear relation-
ships.

Suppose that the LE and HE involve the same
k factors x = (x1, . . . , xk). Denote by Dl =
{x1, · · · ,xn} the design set for the LE with n runs,
and yl = (yl(x1), . . . , yl(xn))t the corresponding LE
data. Because an HE run requires more computa-
tional effort to generate than an LE run, usually
there are fewer HE runs available. Without loss
of generality, we assume that Dh the design set of
the HE consists of the first n1 (n1 < n) runs of
Dl. The outputs from the HE are denoted by yh =
(yh(x1), . . . , yh(xn1))

t. Note that the subscripts h
and l denote “high” and “low”. The main goal of
the proposed method is to predict yh at some untried
points (i.e., these points outside Dh). Central to the
method are Bayesian hierarchical Gaussian process
(BHGP) models, which consist of the following two
parts:

1. Fit a smooth model for the LE data;

2. Fit a flexible model to “link” the LE and the HE
data.

Detailed descriptions of these two models are given
in Sections 2.2 and 2.3.

2.1 Bayesian Gaussian process model

Here we present the basics of Bayesian analysis of a
Gaussian process model as the basis for later develop-
ment. A good reference for Gaussian process models
is Santner, Williams and Notz (2003) (abbreviated as
SWN 2003). For simplicity, a Gaussian process with
mean µ and variance σ2 is denoted by GP (µ, σ2,φ),
where φ will be defined below. Suppose y(x) is a
real-valued stationary Gaussian process on the real
line with mean E{y(x)} = f(x)tβ, where x =
(x1, . . . , xk), f(x) = {f1(x), . . . , fq(x)}t is a known
vector-valued function and β is a vector of unknown
regression coefficients. Furthermore, the covari-
ance function is represented by cov(y(x1), y(x2)) =
σ2Kφ(x1,x2), where σ2 is the variance and Kφ(·, ·)
is the correlation function and depends on the un-
known correlation parameters φ. We adopt the fol-
lowing Gaussian correlation function (SWN 2003)

Kφ(x1,x2) =
k∏

i=1

exp{−φi1(x1i − x2i)2}. (1)

Here, the scale correlation parameters φi1 are pos-
itive. The power correlation parameters are fixed
at 2, thus reducing the complication of estimating
the correlation parameters. In general, we observe
y = {y(x1), . . . , y(xn)} and are interested in predict-
ing y at a given point x0.

2.2 Low-accuracy experiment data

We assume that yl(xi) can be described by

yl(xi) = f t
l (xi)βl + εl(xi), i = 1, . . . , n, (2)

where fl(xi) = (1, xi1, . . . , xik)t, βl =
(βl0, βl1, . . . , βlk) and εl(·) is assumed to be
GP (0, σ2

l ,φl). Here, the mean function includes
linear effects, because in many circumstances it is
reasonable to assume the factors considered in the
experiments have linear effects on the outputs.

If LE were the only source considered, then this
model would be fitted using the Bayesian Gaussian
process model discussed in Section 2.1. Because the
LE data are not very accurate, the HE data need to
be incorporated to improve the quality of the fitted
model.
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2.3 High-accuracy experiment data

Because LE and HE are conducted by using different
mechanisms (physical or computational) or distinct
numerical methods with different mesh sizes, orders
of elements, or other important aspects, their out-
puts can be different. For most problems in practice,
LE and HE give different outputs but share similar
trends. In order to “link” the HE data with the LE
data, we consider the following adjustment model

yh(xi) = ρ(xi)yl(xi) + δ(xi) + ε(xi), i = 1, . . . , n1.
(3)

Here ρ(·), assumed to be GP (ρ0, σ
2
ρ,φρ), accounts

from scale change from LE to HE. We assume δ(·) to
be GP (δ0, σ

2
δ ,φδ), which represents location adjust-

ment. The measurement error ε(·) is assumed to be
N(0, σ2

ε ). Furthermore, yl(·), δ(·), ρ(·) and ε(·) are
assumed to be independent.

There are major differences between the proposed
method and those in Kennedy and O’Hagan (2000)
and Qian et al. (2005). The latter two consider in-
tegrating data from two deterministic experiments,
while ours is applicable to experiments with or with-
out measurement errors. Ours is also more flexible in
the modeling strategy. Kennedy and O’Hagan uses
an autoregressive model as an adjustment model with
a constant chosen for scale adjustment, which cannot
handle complex scale change from LE to HE. Qian
et al. uses a regression model, which captures linear
change, for the scale change. By utilizing a Gaus-
sian process model, the scale adjustment in (3) can
account for non-linear and complex changes as evi-
denced in the analysis of the example given later.

The unknown parameters θ involved in models (2)
and (3) can be collected into three groups: mean
parameters θ1 = (βl, ρ0, δ0), variance parameters
θ2 = (σ2

l , σ2
ρ, σ2

δ , σ2
ε ) and correlation parameters θ3 =

(φl,φρ,φδ). The description of the hierarchical mod-
els in (2) and (3) is complete with the specification
of priors. The chosen priors take the following form

p(θ) = p(θ1,θ2)p(θ3) = p(θ1|θ2)p(θ2)p(θ3), (4)

where p(σ2
l ) ∼ IG(αl, γl), p(σ2

ρ) ∼ IG(αρ, γρ),
p(σ2

δ ) ∼ IG(αδ, γδ), p(σ2
ε ) ∼ IG(αε, γε), p(βl|σ2

l ) ∼
N(ul, vlI(k+1)×(k+1)σ

2
l ), p(ρ0|σ2

ρ) ∼ N(uρ, vρσ
2
ρ),

p(δ0|σ2
δ ) ∼ N(uδ, vδσ

2
δ ), φli ∼ G(al, bl), φρi ∼

G(aρ, bρ), φδi
∼ G(aδ, bδ), for i = 1, . . . , k.

2.4 Bayesian prediction

Recall that we are interested in predicting yh at an
untried point x0. For the ease of methodological de-
velopment, we assume that the untried point x0 be-
longs to Dl but is not a point in Dh (otherwise yh(x0)
is readily available). Assume for the moment that
the value of θ3 is given. In Section 2.5, we shall dis-
cuss the fitting of θ3. The prediction is based on the
Bayesian predictive density function

p(yh(x0)|yh,yl) =
∫

θ1,θ2

p(yh(x0)|yl,yh,θ1,θ2,θ3)

p(θ1,θ2|yl,yh,θ3)dθ1dθ2. (5)

The integration of θ1 and θ2 in (5) needs to be done
numerically. A Markov chain Monte Carlo (MCMC)
(Liu 2001) algorithm to approximate p(yh(x0)|yh,yl)
is given as follows:
1. Generate a sample from p(θ1,θ2|yl,yh,θ3);
2. Approximate p(yh(x0)|yh,yl) by averaging values
of p(yh(x0)|yl,yh,θ1,θ2,θ3) evaluated at this sam-
ple.

In step 1, the key for deriving the full conditional
distributions that is used in the MCMC is to note
that by conditioning on θ3, these parameters can be
viewed as coming from some general linear models.
Because some part of the full conditional distribution
is non-standard (Qian and Wu 2005), the Metropolis-
within-Gibbs algorithm is used. In step 2, calculation
of p(yh(x0)|yl,yh,θ1,θ2,θ3) is straightforward (i.e.,
it can be rewritten as a ratio of two normal densities).

Once the predictive density has been computed, we
can use

ŷh(x0) = E(yh(x0)|yl,yh) (6)

as the predictor for yh(x0).

2.5 Estimation of correlation parame-
ters

Next, we discuss the fitting of the correlation param-
eters θ3.
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Note that

p(θ3|yh,yl) ∝ p(θ3)
∫

θ1,θ2

p(θ1,θ2)

p(yl,yh|θ1,θ2,θ3)dθ1dθ2. (7)

It can be shown (Qian and Wu 2005) that computing
the posterior mode estimator is equivalent to solv-
ing two separable problems: one involves φl and the
other involves φρ,φδ. The first problem can be solved
by standard algorithms. The second problem, whose
objective function involves integration, can be solved
by some stochastic programming method (Ruszczyn-
ski and Shapiro 2003).

2.6 Simplifications when yh is deter-
ministic

Suppose yh is deterministic (i.e., ε(·) = 0 in (3)),
which is the case for the problem of detailed vs. ap-
proximate computer experiments. Some parts of the
aforementioned procedure can be simplified. For ex-
ample, the predictor E(yh(xi)|yl,yh) = yh(xi), for
xi ∈ Dh. This desirable property implies that the
predictor from the integrated analysis smoothly in-
terpolates all the HE data points.

3 Example: Designing Linear
Cellular Alloys

We consider part of the data used in Qian et al.
(2005), which consists of the outputs from computer
simulations for a heat exchanger used in an electronic
cooling application. As illustrated in Figure 1, the
device is used to dissipate heat generated by a heat
source such as a microprocessor. The response y of in-
terest is the total rate of steady state heat transfer of
the device, which depends on the mass flow rate of en-
try air ṁ(g/s), the temperature of entry air Tin(K),
the temperature of the heat source Twall(K) and the
solid material thermal conductivity k(W/mk).

The device is assumed to have fixed overall width
(W ), depth (D), and height (H) of 9, 25, and 17.4
millimeters, respectively. Two types of simulations
are used in this study: a detailed but slow simulation

based on FLUENT finite element analysis and an ap-
proximate but fast simulation using finite difference
method. These two simulations are referred to as de-
tailed simulation (DS) with response yd and approx-
imate simulation (AS) with response ya respectively.
Each DS run requires two to three orders of mag-
nitude more computing time than the corresponding
AS run. For example, the first run in Table 1 requires
1.75 hours and 2 seconds for DS and AS respectively
on a 2.0 GHz Pentium 4 PC with 1 GB of RAM. De-
tails on the engineering background can be found in
Qian et al. (2005).

Figure 1: A Generic Example of Linear Alloy Array.

Table 1 gives the data consisting of 32 AS runs and
32 DS runs. The values of design variables are given
in columns 1-4 of the table and the responses from the
two experiments are given in columns 5 and 6. The
data is divided into a training set and a testing set.
We fit BHGP models using a training set consisting
of 24 randomly selected DS runs and all 32 AS runs.
The remaining 8 DS runs (i.e., run no. 1, 4, 9, 11,
13, 23, 25 and 27 as in the table) are left to form the
testing set for model validation.
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Run # ṁ Tin k Twall ya yd
1 0.5 293 363 393 25.61 23.54
2 0.55 315 310 365 21.23 20.15
3 0.552 294 319 389 11.44 10.17
4 0.557 290 298 377 15.03 15.29
5 0.56 277 355 374 18.55 18.39
6 0.566 286 267 367 20.74 20.52
7 0.578 302 358 344 30.23 30.12
8 0.58 272 212 334 18.13 18.18
9 0.589 278 226 352 25.02 24.68
10 0.594 280 259 360 17.92 19.05
11 0.603 297 323 399 24.20 24.96
12 0.612 281 292 395 17.47 16.95
13 0.615 300 271 336 22.48 22.30
14 0.62 275 225 340 25.07 19.57
15 0.626 285 350 352 18.93 23.33
16 0.627 288 244 383 18.17 14.36
17 0.652 298 304 362 13.75 21.31
18 0.657 294 331 376 29.08 36.11
19 0.67 303 321 370 22.21 25.37
20 0.68 313 259 350 21.6 22.89
21 0.683 287 227 358 30.9 34.45
22 0.689 273 261 355 13.08 14.83
23 0.694 278 213 376 16.4 18.78
24 0.698 278 300 338 31.14 32.85
25 0.7 288 300 400 13.54 17.41
26 0.711 292 273 393 7.02 7.48
27 0.714 283 307 344 35.53 42.93
28 0.73 286 218 384 20.92 21.97
29 0.738 295 295 347 25.53 19.77
30 0.741 271 275 357 10.23 4.55
31 0.751 288 326 354 36.56 47.05
32 0.757 301 235 392 27.24 25.82

Table 1: Data from Linear Cellular Alloy Experiment

3.1 The Analysis

Table 1 shows that the four design variables have dif-
ferent scales and are thus standardized.

The values of hyper-parameters used in this ex-
ample are chosen to reflect our understanding of the
model parameters. The “vague” prior IG(2, 1) is
chosen for σ2

l ,σ2
ρ and σ2

δ . The “location-flat” priors
N(0, I7×7σ

2
l ) and N(0, σ2

δ ) are chosen for βl and δ0,
and the “scale-flat” prior N(1, σ2

ρ) for ρ0. The prior
for each correlation parameters in θ3 is G(2, 0.1), hav-
ing high variance of 200.

Posterior modes of the correlation pa-
rameters are φ̂l = (2.83, 2.13, 22.65, 12.85),
φ̂ρ = (3.22, 7.23, 1.26, 1.38) and φ̂δ =
(2.26, 0.74, 6.92, 7.24).

The intensive Bayesian computation is imple-
mented in WinBugs, a general-purpose Bayesian
computing environment. It is found that convergence
of Markov Chain is achieved after the first 5000 burn-
in iterations. Additional 5000 runs are then gener-
ated for posterior calculations.

The posterior mean (255) of σ2
l is large, indicating

high uncertainty about AS. The posterior mean of β0

is 22.29. Table 2 gives the posterior means and 95%
credible HPD intervals. It is clear from the table that
βl4 and βl1 are more significant than βl2 and βl3. The
latter’s intervals are relatively large and contain zero.

Mean Lower Bound Upper Bound

βl1 -5.334 -7.141 -3.504

βl2 2.379 -1.171 5.78

βl3 0.09424 -1.128 1.255

βl4 5.896 3.639 8.373

Table 2: Posterior Means and 95% Percent Credible
Intervals for βl.

Figures 2(a)-(d) show the posteriors of the adjust-
ment parameters ρ0, σ2

ρ, δ0 and σ2
δ . Several interest-

ing observations have emerged. First, the plot for ρ0

is multi-modal, indicating complex scale change from
AS to DS. Second, σ2

ρ and σ2
δ are relatively small, in-

dicating a good fit of the adjustment model. Third,
the average response 21.89 for 24 DS runs is close to
21.13, the average for the corresponding 24 AS runs.
Table 1 shows no consistent pattern in comparing the
DS and AS values. A simple mean comparison anal-
ysis will yield little information.

Finally, we compare predictions on eight untried
runs using BGHP models with those from the sepa-
rate analysis as well as those using the methods of
Kennedy and O’Hagan and Qian et al. The separate
analysis builds a Bayesian Gaussian process model
using 24 DS runs, while the other three methods fit
both the AS and DS data. The predictions of the
eight runs are given in Table 3. In the table, col-
umn 1 gives the corresponding run numbers in Ta-
ble 1; columns 2-5 give the values of ŷd of the inte-
grated analysis, the separate analysis, the Kennedy-
O’Hagan method and the Qian et al. method, respec-
tively, and column 6 gives the yd values from DS. The
RMSEs (root-mean-square-errors) for the four meth-
ods (in the same order) are 7.83, 9.48, 9.29 and 8.77,
respectively. The three methods that fit both AS
and DS runs give better prediction results than the
separate analysis. Among these three, the proposed
method outperforms the other two by 16% and 11%
respectively.
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Figure 2: Posteriors of ρ0, σ2
ρ, δ0 and σ2

δ .

3.2 Engineering perspective

From an engineering perspective, there can be a sub-
stantial computational cost involved in using HE data
to build surrogate models. Using our approach, it is
possible to explore a design space with improved or
enhanced surrogate models that are more accurate
than surrogate models based entirely on LE data but
less computationally expensive than surrogate mod-
els based exclusively on HE.

4 Concluding Remarks

This paper has developed some hierarchical Gaussian
process models for modeling and integrating LE and
HE data. Use of the adjustment model in (3) allows
a flexible location and scale adjustment of the more
abundant but less accurate LE data to be closer to
the HE data. As demonstrated by the results in Sec-
tion 3, the proposed method can better account for
the heterogeneity between the LE and HE data and

Run # ŷ1
d ŷ2

d ŷ3
d ŷ4

d yd

1 26.41 23.35 21.77 21.35 23.54

4 16.23 23.74 14.33 14.76 15.29

9 23.66 22.57 22.76 23.83 24.68

11 25.51 18.22 15.87 15.44 24.96

13 22.07 29.55 21.32 22.79 22.30

23 16.74 20.04 17.58 18.21 18.78

25 16.99 27.56 15.46 15.56 17.41

27 21.11 21.95 20.16 18.62 42.93

Table 3: Prediction Results on Eight Untried Points.

increase the prediction accuracy.
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